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Abstract:

The trajectory tracking composite control scheme is proposed for quadrotor unmanned aerial vehicle (UAV)
with perturbation parameters and external disturbances. Firstly, the dynamic model of quadrotor UAV is
decoupled into two subsystems, which are outer loop position control system and the inner loop angle control
system, respectively. Secondly, by using the interval matrices to describe the perturbation parameters, the
considered control problem is transformed into robust control with uncertainties. Based on these, an effective
tracking composite control strategy is proposed by combining disturbance observer control (DOBC) with H,

control. Finally, the simulation results show the effectiveness of the proposed method.
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I. Introduction:

UAV has many advantages of high flexibility,
autonomous hovering, little demand for landing site,
simple maintenance and low cost [1]. It is widely used
in many fields such as: military reconnaissance,
agricultural monitoring, civil aerial photography, etc
[1]. However, it is still challenging issue of track
trajectory because the parameters of UAV are
uncertain and susceptible for external disturbances [2].

So far, a lot of methods for trajectory tracking
control have been proposed, such as PID control,
sliding mode control, back-stepping control and H,

control, etc [3,4,5,7,8]. It is noted that the air
resistance is often ignored in many methods under
low-speed state. For example, the proposed simplified
model in [9] is only applicable to very low speed.
However, the quadrotor UAV under medium speed
state are easily affected by air resistance, blade
rotation and other external disturbances, which can not
be ignored. Therefore, the designed controller must be
robust to these. In [10] the air resistance and blade
rotation are described as the bounded uncertainties,
which are further constructed via neural networks.
Moreover, the perturbation parameters are described
by using the interval matrix in [11]. Then, the interval

matrix method is extended to the tracking control of
UAV in [12], which improves the stability of the
trajectory tracking. However, this method does not
consider the effects of external disturbances.

Most of the time, UAV need to operate in harsh
environments, which requires the UAV to be able to
handle disturbance. Some works approached the
disturbance problem by detailed modelling of
aerodynamics and wind effects on UAV to estimate
the disturbance [6]. In recent years, disturbance
observer has been widely used due to its excellent
anti-disturbance capability and robustness to uncertain
[13]. The control based on disturbance observer is
proposed in [14, 15], which basic idea is to estimate
the disturbances by disturbance observer and to
compensate it in the feedforward channel. In [16, 17],
the anti-disturbance control based on disturbance
observer is proposed, which significantly improve the
control effect. For the tracking control of UAV [19,
20], there are few works to do by combining DOBC
and H_ control.

Therefore, inspired by the above problems, in this
paper, the trajectory tracking compound control
scheme is proposed for UAV with perturbation
parameters and external disturbances. Firstly, the
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dynamic model of quadrotor UAV is decoupled into
two subsystems, which are outer loop position control
system and the inner loop angle control system,
respectively. Secondly, by using the interval matrices
to describe the perturbation parameters, the considered
control problem is transformed into robust control
with uncertainties. Based on these, an effective
tracking compound control strategy is proposed by
combining DOBC with H, control. Finally, the
simulation results show the effectiveness of the
proposed method.

Notation: In order to facilitate the description, the
symmetric position of the symmetric matrix is
represented by the” * ”. And the superscript ”T ”, ” —
17, ” 1 ” stand for matrix transposition, inverse, and
pseudo inverse.

I1. Description of Model:

A six-degree-of-freedom model of quadrotor UAV is
described in this paper with following two
coordinates:

Position coordinate: &(t) =[x(t), y(t), z(®)]"

Angle coordinate: 7(t) =[#(t),0(t),w (O]

The quadrotor UAV model is considered as a
symmetrical rigid body, ignoring the blade elastic
deformation and vibration, which the dynamic
equation is[18]:

mX(t) = —k, X(t) + (cos ¢(t)sind(t) cosw(t)
+sing(t) siny ())u(t) +d,(t)
my(t) = -k, y(t) + (cos ¢(t)(sind(t)siny (t)
+sin g(t) cosy (t)u(t) +d, (t)
mZ(t) = —k,z(t) —mg + (cos gcos A)u(t) + d,(t) @
3,8(t) =~k g(t) +I7,(t) + d, (t)
J,0(t) = —k lO(t) + 17, (t) + d (1)
I (t) = —kgy (1) +Cz5 (1) + dg (1)

The meaning of each variable in the equation (1) is
shown in table I .

Table I : The meaning of each variable in the equation(1)

UAV body to
the axis of the rotor 1eR*
d.(0) U_nknown external
' disturbance(i=12,---,6)
u(t) Total lift

7,@t), 7,(t), () Respectively, rolling
z(t) force,
pitching force, yaw force
The quadrotor UAV model is simplified as follows:
{mé‘(t) = —k.£(t)—mge+u(t); R(me+d. (1)

mzj(t) = -k, 7 (t) —z(t) +d, (t)
The meaning of each variable in the equation (2) is
shown in table II.
Table I : The meaning of each variable in the equation (1)

@

Variable | The meaning of the variable
k, Resistance coefficient diag [k;, k,,k; ]
e [0,0,1]

The rotation matrix between the
sR(m) position

coordinates and the angle coordinates
d_(t) The external disturbance [d,,d,,d,]'
J Moment of inertia diag[J,/1,3,/1,3,/c]
k, Resistance coefficient diag [k, k. ks /c]
4 The external disturbance

" [d,/1,d,/1,dg /c]'

The expected position and angle are described

by £(t) =[x, ), Yy @), 2, OF , 7, (&) =[¢ (1), 6, (1), O respective
ly. Then the tracking error can be obtained as:

F(t) — & (t)} r(t) —0y (t)]
X, (1) =1 . X ()= e
St)-<q(t) o) -6, (t)
According to the [12], without considering the
nonlinear coupling term £R(z), the error model can be
decoupled and described as:
Xy (1) = AXx, (1) + Bu(t) + B, f, (1) + B ()
{)‘(j (1) = Ax; (1) + B,z (t) + B, f; (t) + By, ()

Where

©)

0

Variable | The meaning of the variable

m Weight of the UAV me R*

k; Resistance coefficient(i=12,---,6)

g Coefficient of gravity g e R*

J; Moment of inertia(i=12,3)

c Force and torque scale factor ceR*
| 1er The distance from the center of the

k

0o I
o K| %= ~37%, |
m

00 0 0
B=Bz=g | |'B:=|g 51

f, () =-& (t)_?‘fd ®, fj ®= K, 14 (t)=Jp 14 (1),

A=
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0 0
w,(t) = w L, (t) = {Jld”(t)} .
m
When the quadrotor UAV flies, the perturbation of
its parameters (such as: k, ,k.,k,) are within a certain
range, so the related system matrices A, ,A,,B, can be
regarded as the interval matrices.
A" <A <A,
Al <A <A
For any interval matrix A<[A", A¥], we can use the
following description in [12].
A=A +EZXF . 2 €3,
Where
A =(A"+AM)/2;
E. =[Wrue e anenr'n\/ﬁen]:

F = leen,"'vM%,"',Men]Ti

2’; =diag[A,, Ayt Ags s AL

[ 25 <Li, =1

Xij =(AT +A;\A)/2:ia i=1---m

e (i=1---,n) is the column i of the unit matrix.
Obviously, vz, ez, 53 <1
Based the above interval matrix description, the
interval matrix A ,A,,B, are described as:

A=A +EZF,

2, €2,,A =A+EZXF .2 X

Thus, the error of position model and the error of
angle model can be written as:

%) = (A +EZ,F X0 +B U+ f,O)+a) 4

X; (1) = (Ay + EjZ F)X (1) + B, (z (1) + (1) + B, (1) (5)
Our object in this paper is to design the composite
controllers u(t) and z(t) such that the error systems (4)
and (5) are robust stable with the parameter
perturbations and external disturbances. The control
block diagram is shown in Figure 1.

Position [~ e, Position
compound ™ Position |_! T i sl
| . e erv
| [
Desired — controller system ! H
trajecto Ep— H
. > Angle | ———> Angle || el
(ompound ' system i interference | ik
controller |g ! : observ

| Quadrotor UAV |
model

Figure 1: composite controller structure diagram I1.
I11. Composite Controller for Position Model:

A. Design of disturbance observer

For the disturbance o (t), the following disturbance
observer is designed:

R (1) =-N,B[R (t) + Nyx, ()] - N, [(A, + E, X,
Fu)%, (0) + B (u(t) + f, (1))] (6)

é)l(t) = Ri(t) + N, X, ®
Where R, is state variable of disturbance observer,
and N, represent the gain of disturbance observer,
and &, (t) is the estimated value of o (t).
Defining the error of the disturbance and its estimated
value as e (t)=a(t)—aw(t) , then the following error
system can be obtained as:

& (1) =-N,Be (1) + e (t) (7
It can be seen that the estimation error is related to
a ). If @) is too large, the errors will become

larger. Then it will lose the aim of disturbance
attenuation, therefore the disturbance observers only
apply to the slow time-varying situations of e (t).

B. Design of composite controller

Based on the above disturbance observer, the position
composite controller is designed as

u(t) = Kix, (- (t) 8
Where K, is the gain of controller?
With the composite controlleru(t), we can combine

equation (4) with equation (7) to obtain the following
position system:

X, ) = Agxg ®+ Bg @, ®) 9)
Where
X, (t) f,(t)
%0 {ela)}’ (0= Lol(t)}’
Bg :|:Bl Oi|'Ag :|:(A10+szwa)+BlK1 B, }
0 | 0 —N,B,

The reference output of the position system is
z,(t)=C,x,(t)

Where,C, =[C, C,].

Then, the position system with equation (9) and
equation (10) can be obtained as follows:

{xg (t) = A x, (t) + By, (t)

z,(t) =C,x, ()

The following Theorem can be obtained for the
position system.

Theorem 1. For a given scalarr, >0, if there are a

scalar , >0, positive definite matricesQ, >0, P, >0,

(10)

(11)
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and any matrices M,, M,, such that the following LMI
is hold:

2, B B0 QC 0 QF]
* v, 0 P, 0 o 0
* % —r’l 0 0 0 0
*« % o+ -’ 0 O 0 |<0 (12)
* * * * -1 0 0
* % * * * -1 0
* * * * * * _all

Then, the position system (11) is asymptotically
stable with r, -disturbance attenuation under the

controller gain K, =M,Q* and the observer
gainN, =P, 'M, .

Where

A, = QAL +AQ +M/B +BM, +oE E, ,

vy =—B/M; -M,B,.
Proof: For system (11), the following Lyapunov
function is chosen

V (%, (1) = xg (DR %, (1)

RO .
Where Pg{ol P} with R>0 and P, >0 . By
2

(13)

differentiating Vv (x,(t)) along the trajectory of the
system (11), we can obtain

V (%, () = X; (0T, (t) (14)
Where
m, - P RB }
* _(NlBl)T Pz - Pz NlBl

A = AP, +PA, +(E,2,F) P +P(EX,F)
+(B,K))" R +RBK,
For the uncertain terms, we can use the method in
[12]. Then, the following inequality is hold
(E,Z,F) P+P(EZ,F,)<PEEIP +a,'FIF,

1=w—w
Then, we can obtain that

V (%, (1)) < X (OTL,x, (1) (15)
Where
m, - Fz TF’lBl } '
* _(NlBl) Pz - Pz NlBl

Jy = AoR +RA+(BK) P +PRBK, +a,RE,ER

AT
+a, F, F,

When o,(t)=0 , we consider the following H,
performance index

Ju= I:O[Xg (5)" %, (8) — K’y (s)aw, (s)1d (t)
[ %) %)
[ [0

Where

(16)

CT

o 1, PB
m,=| 0 |[C, 0 o]+[ 2o 9}

0

2
* —rll

Defining Q =P* and combined with Schur

complement theory, we can obtain the position
system (11) is asymptotically stable with disturbance
attenuation r, under the composite control algorithm.

The proof is completed. I1.
IVV. Composite Controller for Angle Model

A. Design of disturbance observer
For the disturbance o, (t) , the following disturbance
observer is designed:
R, (t) =—=N,By,[R,(t) + N,x, ()] - N,[(A,
+E,Z,F)x; (1) + B, (z(t) + f; (1))]
@, (t) = Ry (1) + Nx; (t)
Where R, is state variable of disturbance observer,
and N, represent the gain of disturbance observer,
and &,(t) is the estimated value of o, (t) .
Defining the error of the disturbance and its estimated
value as e, (t) =&, (t)-w,(t), then the following error

system can be obtained as:
éz (t) = _Nz Bzzez (t) + d)z (t)

(17)

(18)

B. Design of composite controller

Based on the above disturbance observer, the position

composite controller is designed as
(t) = KoX t)- B;CZ)Z (t)

Where K, is the gain of controller.

With the composite controller z(t), we can combine

equation (5) with equation (18) to obtain the
following position system:

(19)

i . . X, (t) = A X (t)+ B, (t (20)
If the inequality (12) holds, which means I1, <0, Wherg() A% 0O+ Banl)
Therefore, the position system (11) is asymptotically
stable when o, () =0.
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X, (t) = {X” (t)},wh ® =[ f “)},

e,(t) @, (t)
B, ={%2 ?}7'6}1 ={(Azo + EjZBFj)_'_ B,K, _NBzzB }
The reference output of the angle system is
Z, ®= Ch X, ® (21)

Where, C, =[C, C,].
The angle composite system is derived as follows:
{x'h ®) = Ax, (1) + B, (1)
z,(t) =C, x, (t)
The following Theorem can be obtained for the

position system.
Theorem 2. For a given scalar r, >0, if there are a

scalar «, >0, positive definite matrices P, >0, P, >0,
and any matrices M,, M, such that the following LMI
is hold:

J, B, B, 0 QC! 0 QF ]
* v, 0 P 0 C, O

* o+ —r’l 0 0 0 0

(22)

* % =2l 0 0 0 |<0 (23)
* % * * -1 0 0

* * * * * -1 0

* * * * * * _azl J

Then, the angle system (22) is asymptotically stable
with r, -disturbance attention under the controller gain
K,=M,Q," and the disturbance observer gain
N, =P,'M,.

Where

ﬂh=Q2A2T0+A20Q2+M3TBzT+BzM3+a2EjEjT ’

Vh = _BszMI -M,B,,.
Proof: For system (22), the following Lyapunov
function is chosen

\ (Xh (t)) = X; (t) Ph Xy (t) (24)

P, O :
where Ph:|:03 } with B,>0 and P,>0 . By

differentiating Vv (x. (t)) along the trajectory of the
system (22), we can obtain

V (Xh (t)) = X; (t)H4Xh (t) (25)
Where
m, {Ag By }

* —(N,B,,) P,—P,N,B,,

Jy = AP+ P A, +(EX,F) P+ P (EZ,F)

171 =1

+(BZK2)T BS + PSBZ KZ

Similar to the method in

inequality can be obtained as
(E;,F) R +R(EX,F)<a,PEEP+a,'FF
Then, we can obtain that

inequality (15), the

V (%, (1) < X7 (OT15X, () (26)
Where
. = /14 Ps Bzz

° * _(Nszz)T P4_P4N2822 ,

/14 = AzTOPs + P3Azo +(BZK2)T P3 + PaBsz +a2PsEjEjT P3
+0{2'1FjT F
From (23), it can be seen that 11, <0, According to
Lyapunov stability theory, the angle system (22) is
asymptotically stable when . (t)=0.
When e, (t)=0 ,the following H,_ performance
index is considered

3, = [ D06 %, () - e (), (14 )
< J10+oc|:xh (5):| He |:Xh (S):|d(t) (13)

@, () @, (8)

Where
C
I:)hBh
M,=| 0 ,
0 - I}
Defining Q,=R* and combined with Schur
complement theory, we can obtain the position
system (22) is asymptotically stable with disturbance
attenuation r, under the composite control algorithm.
V. Simulation And Analysis:
The model parameters of the quadrotor UAV are
shown in table III.
Tablelll: UAV model parameters

HS
[C, 0 0]+[*

Parameter | Parameter range
m 2.5kg

I 0.245m

g 9.8m/s

c 0.11

J.,J, 0.24kg - m?

J, 0.01kg - m?

k [0.01,0.12]Ns/m

Assuming that the starting position of the quadrotor
UAYV is the origin of the coordinates, the spiral is
flying upwards and the simulation lasts for 50s. The
external disturbance acting on the quadrotor UAV is
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white noise. UAV in the XY plane do a diameter of
8m circular motion, uniform 1m/s rise, the flight
speed of 5m/s. In order to verify the effectiveness of
the proposed method, the simulation study of the
quadrotor UAV system is carried out in the Matlab
environment. The system with and without the

observer are simulated on the basis of the perturbation.

The flight trajectory is shown in Figure 2, 3.

Expected trajectory
Actual trajectory

50

z/m

y/m x/m

Figure 2: Trajectory diagram without disturbance
observer

Expected trajectory
Actual trajectory

50 -

z/m

o

y/m
Figure 3: Trajectory diagram with disturbance observer
From the comparison of Figure2 and Figure3, it can
be seen that the disturbance observer can effectively
estimate the external bounded disturbance. The
composite control method can track the desired
trajectory well. The following comparison is from the
various parameters. Position system with and without
disturbance observer are shown in figure 4-7. The
angle system with and without disturbance observer
are shown in Figure 8-11.

x/m

5 T T T T T T T T T
/ .-f/\ — Expected X
E / / Actual X |
" SAVARVARVAR
. 25808 / 1 . ‘ | \j
20 25 30 35 40 45 50
t/s
5
— Expected Y| |
0
E A /\g\i Actual ¥
> 8
5 - 4
/3 \VARV,
0 28507\~ 25po8 . . ‘ :
0 5 10 15 20 25 30 35 40 45 50
ts
T T T T T T T T T
sor 07 — Expected Z| |
£ )
£ 26 Actual Z
25
0 i 5807 | 25308 | | L 1
0 5 10 15 20 25 30 35 40 45 50
t's

Figure 4: Position diagram without disturbance observer

®'m

zZim

NN =
ol \ 2ﬁz7a VL ActualX | |
\f VV VUV
1 7RR7 |‘J SB08 1 1 1 I 1
0 5 10 15 20 25 30 35 40 45 50
t's
o —— Expected Y| |
Actual Y
A
& v
0 28807 7 25308 . . ‘
0 5 10 15 20 25 30 35 40 45 50
t's
50 ]
—— Expected 7
25807 =— T
ol———25B07 , 25808 | . . | s
0 5 10 15 20 25 30 35 40 45 50
t's

Figure 5: Position diagram with disturbance observer

E
o

B

e /m

N

E
®

Figure 6: Position error
disturbance

05 T T T T T T T T T
0 v N AN NN
05 | | | | | | | | |
i} 5 10 15 20 25 30 35 40 45 50
t's
0.5 T T T T T T T T T
.
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0r S \-._\ ."'f\‘*- / e ViER g /,:‘/ S
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0 5 10 15 20 25 30 35 40 45 50
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ok Y ", P AT M f ‘ /_.: \_ e
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Figure 7: Position error of the observer with disturbance

It can be seen from Figure 4-7 that the position
system with disturbance observer can estimate
disturbance and compensate the error. Compared with
the partial enlargement area, the disturbance observer
significantly improves the tracking accuracy. Since
the disturbance of the position system is generated by
the same white noise, the waveform looks similar.
The system error without disturbance observer can
reach 0.25m, and the system error with interference
observer is down to 0.09cm. Therefore,
combination of control

quadrotor UAV better.

In this paper, the quadrotor UAV is decoupled into
two independent control systems of position and
angle. Therefore, it is necessary to consider the
tracking effe

ct of the angle.

the
and disturbance observer
(DOBC) control can track the position of the

12 T T T
. ~ p — Expected roll
= = N Actual roll
S S V] -
\J
0.8 I I I I I I I I I
0 5 10 15 20 25 30 35 40 45 50
t/s
25 T T T T T T T T T
e —— Expected pitch
5 o . —— Actual pitch ||
2
15 . . . . . .
0 5 10 15 20 25 30 35 40 45 50
t/s
3.02 T T T
2 (WA A — Expected yaw
= 3 LN — N - — Actual yaw
g e Yo N
N
298 1 1 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40 45 50
t/s

Figure 8: Angle diagram without disturbance observer
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Figure 9: Angle diagram with disturbance observer
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Figure 10: Error of angle without disturbance observer
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Figure 11: Error of angle with disturbance observer
It can be seen from Figure 8-11 that the error can
be estimated
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accurately by disturbance observer and compensated
by composite control. As the position module, the
disturbance is also generated by white noise. The
external disturbances occur at 0s-20s. The revocation
of the disturbance after 20s. The angular error without
disturbance observer is 0.2rad, and the system error
with disturbance observer is down to 0.00005".
Therefore, the combination of robust H_ control and

disturbance observer control (DOBC) can track the
angle of quadrotor UAV better.

V1. Conclusion:

The composite tracking control scheme is proposed
for quadrotor unmanned aerial vehicle (UAV) with
perturbation parameters and external disturbances.
Firstly, the dynamic model of quadrotor UAV is
decoupled into two subsystems, which are outer loop
position control system and the inner loop angle
control system, respectively. Secondly, by combining
disturbance observer control (DOBC) with H_

control, a composite tracking control is proposed.
Finally, the simulation results show that the
disturbance observer can be estimated the
disturbances and the composite control scheme can
compensated the error better than the case without
disturbance observer. Thus, the accuracy of the
trajectory tracking of the quadrotor UAV is improved
effectively.
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